Taylor & Francis
Journal of Difference Equations and Applications, Taylor & Francis Group
Vol. 13, No. 5, May 2007, 457-461

A note on explicit stability conditions for
autonomous higher order difference equations

M. M. KIPNIS1* and D. A. KOMISSAROVA

tDepartment of Mathematics, Chelyabinsk State Pedagogical University, Chelyabinsk 454080, Russia
iDepartment of Mathematics, South Ural State University, Chelyabinsk 454080, Russia

(Received 12 September 2006; in final form 21 November 2006)

‘We prove that if a; = 0 (1 = s = k) and

k
aS
0< Z T < 1,
s=1 * 2(2s—1)

then the equation

k
x(n)=x(n —1) — Z a,x(n — s)
s=1
is asymptotically stable. As a corollary, we obtain sufficient asymptotic stability conditions:

k
a;, =0 and O<ZMJ'S%T

s=1
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1. Introduction and the main results

The following result is well known.

THEOREM 1.1 (SEE REF. [5]). Egquation x(n)=x(n — 1) —ax(n —s), s€N, a €R, is

asymptotically stable if and only if

a
0<-———<1.
2sin TeT]

We extend the result in some direction. Let k € N, a, € R (1 = 5 < k). Consider the
equation

k
x(n)y=x(n—1) — Zasx(n—s). (1)
s=1
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THEOREM 1.2. Ifa, =0 (1 =s =k)and
k
<2 ygn < b
= 2sinsgig

then equation (1) is asymptotically stable.

We first prove an elementary technical lemma.

LEMMA 1.3.  For every w € (0, ), there exists m € R, such that for every s € N

1 i —
n sin (m s)al) =0 @)

N T in @ — Ny
Sin 574 s1n2cos(m 2)w

Proof. For w = m, the proof is evident. Fix w € (0, 7). Put

1 1 ( w >
m = — + —arctan .
2 w mtany

Now equation (2) becomes

2} 1 —1
F(w) = Lrli—sin(s——)w—i-%f)wzo. 3)
Sin 5 2 mtan g
Case 1. w € (0,27/(2s — 1)]. Let f be given by
sing 1 w
flw) = ~— —tan{s— = o+ -, %)
sin 2(% 75 €08 (s 2)w 2 mtan§

so that F(w) = f(w) cos (s — (1/2))w. f has a removable singularity at w = 7/(2s — 1) and
limf (w) =0 when w— 7/(2s — 1). Put f(7/(2s — 1)) = 0. The inequality (3) will be
proved once we prove decreasing of f when w € (0,27/(2s — 1)](\(0, 7). The third
constituent in equation (4) is a decreasing function. What is left is to show that the function

sin 3 1
o(w) = - —tan{s — - o
cos(s — o 2

2(25 ) 2

(with the removable singularity at w = 7/(2s — 1)) decreasing when @ € (0,27/(2s — 1)]
(0, 7). Indeed,

de 1

do co(c — 1 ; T
dow cos (s 2)wsm 33T

i (w),
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where

(o) 1Coswcos ! + ! sin = sin ! ! sin—~
®) = =COoS — ——|w - = — ——|lo—(s—= e
PR R G Y At R S ST )M - )

Nonpositivity of ¢ (w) guaranteed by (7/(2s — 1)) = 0 and

dp @ 1
o s(s — 1) sin > cos (s 2) .
Hence, if o€ (0,7/(2s— 1)], then (d¢/dw) =0, while if o & [(7/(2s— 1)),
(27/(2s — 1))], then (d¢y/dw) = 0. For the Case 1, lemma is proved.

Case 2. > 2m/(2s — 1)). By o < 7, we get s > (3/2). Since s € N, we have s = 2.
Then

sing _ singZy  sin .
—— = — .73,
SIM55—qy  SMjn—yy Sl

which gives (see equation (3)) F(w) > 1.73 — 1 — (2/m) > 0.
Proof of Theorem 1.2. Characteristic equation for equation (1) is the following:
k
LI L g ka—s =0. 5)
s=1

The root of the form A = €l (w € [0, 7]) comes into being in equation (5) at the stability
boundary in the space of the parameters (ay, ..., ax). Hence, at the stability boundary there
exists w € [0, 7r] such that

k
coskw —cos(k — DNw + Z ascos (k — s)w = 0, (6)
s=1
. . k .
sinkw — sin(k — 1w + ZFI assin(k — s)w = 0. @)
If a=0,....,4k—1 =0, ax >0 and a; is sufficiently small, then equation (1) is
asymptotically stable [5]. Hence, it suffices to show that if a; = 0 (1 = s = k) and if the
point (ay, ...,a;) is not the origin of coordinates and if equations (6) and (7) hold for
w € (0, 7] then
k a
Z =1 8)
=7 2sin 557

Indeed, let a;, = 0 (1 = s = k) and w € (0, 7] and equations (6) and (7) hold. Let m be
given by Lemma 1.3. Multiplying equations (6) and (7) by
(—Dsin(k — m)w cos(k — myw

25in§cos(m - %)w and 25in‘—2"cos(m — %)w
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correspondingly and adding the obtained equalities, we get

k . _
1+ a—n (m S)“’l —0. ©)
<~ " 2singcos(m — o

By nonnegativity of a; (1 = s = k) from equations (2) and (9), we conclude

k k .
s 1 sin(m — $)w
=D+ = ag — Yt =0,
; 25sin 557 ; 2sinypTy  2singcos(m — o
and equation (8) is proved. O

The following sufficient conditions for the asymptotic stability of equation (1) were known
before (see Refs. [1,2, Corollary 4.2]): a, =0 (1 =s5=k), 0 < Zf:l sag; < 14 (1/e).
They are more restrictive than those provided by Theorem 1.2. Some related results can be
found in Ref. [4].

Since

a
2sin—— > — e N
Moas—1n 2 5T

we obtain the following consequence of Theorem 1.2.

THEOREM 1.4. Ifa;, =0 (1=s5s=k) and 0 < Zi‘:l say = (/2), then equation (1) is
asymptotically stable.

2. Discussion

Theorem 1.2 cannot be improved in some sense. The following theorem affirms this
assertion.

THEOREM 2.1. Suppose that there are positive numbers Ay, ...,A; such that for any
nonnegative sequence (as), (1 = s = k), the condition

k
0<Z%<1

implies that equation (1) is asymptotically stable. Then

o
Ay =2sin—— (1 = s =k).
S =) =950

Theorem 2.1 can be easily proved from Theorem 1.1. Theorem 2.1 does not means that the
inequality



Higher order difference equations 461

is a necessary stability condition for equation (1). Generally, boundaries of the stability
domain in the space of parameters of equation (1) are nonconvex [3].

The constant 77/2 in Theorem 1.4 cannot be improved, too. Theorem 1.4 affirms the
hypothesis proposed in Ref. [3]. The following theorem can be easily derived from Theorems
1.2 and 1.4.

THEOREM 2.2. Assume that ag = 0 for any s € N. If either

o0
a
0<y T m <1
=1 <S35,
or

O<§:sas_g

s=1

then the Volterra difference equation x(n) = x(n — 1) — Ef:l asx(n — s) is asymptotically
stable.

Theorems 1.4 and 2.2 are analogous to the following results about a differential and
integrodifferential equations.

THEOREM 2.3 (SEE REF. [6], THEOREMS 1 AND 2 AND REF. [4], THEOREM 1).

1. If a;,>0, .,>0 (1=s=k) and Zle a,7y < (m/2), then the equation i(f) =
—Zle ax(t — 7y) is asymptotically stable.

2. Let a(7):R—R. Let a(r) be continuous and a(7)>0 when 7>0. If
[o a(n)dT < (m/2), then the equation i(t) = —[; a(T)x(t — T)d7 is asymptotically
stable.
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