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a b s t r a c t

This paper further develops a method, originally introduced by Mori et al., for proving local
stability of steady states in linear systems of delay differential equations. A nonlinear non-
autonomous system of delay differential equations with several delays is considered. Expli-
cit delay-independent sufficient conditions for global attractivity of the solutions with an
extremely simple form are provided. The above-mentioned conditions make the stability
test quite practical. We illustrate application of this test to the Hopfield neural network
models. The results obtained were also applied to a new marine protected areas model
with delay that describes the ecological linkage between the reserve and fishing ground.

� 2008 Elsevier Inc. All rights reserved.

1. Introduction

The general theory of scalar autonomous delay differential equations (DDE’s) has been well studied [1], whereas the the-
ory of the systems of DDE’s, especially nonautonomous systems, is a relatively new research endeavor [2–6].

Mori et al. [7] obtained a simple criterion for asymptotic stability of the solutions of the linear autonomous system with
delay

dx
dt
¼ AxðtÞ þ Bxðt � sÞ; ð1Þ

where A and B are constant matrices.
van den Driessche et al. [8] studied the dynamics of artificial networks in signal and image processing (Hopfield-type neu-

ral network) and obtained sufficient conditions for global attractivity of the solutions of the system

dx
dt
¼ AxðtÞ þ Bgðxðt � sÞÞ þ J; ð2Þ

where B is a constant matrix, J is a constant vector, matrix A is a diagonal matrix A ¼ diagða1; a2; . . . ; anÞ, and function
gðuÞ ¼ ðg1ðuÞ; g2ðuÞ; . . . ; gnðuÞÞ

T is bounded and globally Lipschitz function, i.e., jgðuÞ � gðvÞj 6 Lju� vj for every pair ðu; vÞ.
Inspired by technique developed in [7], we consider the nonlinear nonautonomous system

dx
dt
¼ AxðtÞ þ Fðt; xðt � s1Þ; . . . ; xðt � skÞÞ; t P 0;

si ¼ const > 0, where A is a constant Hurwitz n� n matrix, F maps ½0;1Þ � Rm�n into Rn.
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In this paper, we generalize the results obtained in [7,8] in several directions: (i) we address the stability of nonlinear
systems, which was not done in [7], (ii) proved new results for nonautonomous systems, (iii) relax sufficient conditions
obtained in [8] for the Hopfield networks and (iv) exploit sufficient conditions for a new population dynamics model of
marine protected areas.

The organization of this paper is as follows. The basic concepts are presented in Section 2; in Section 3 we give explicit
and delay-independent sufficient conditions for the global stability of the system. New sufficient conditions for the stability
of the Hopfield neural networks are obtained in Section 3. Applications of our findings to a new model of marine protected
areas are presented in Section 4.

2. Preliminaries

Consider the nonlinear system

dx
dt
¼ AxðtÞ þ Fðt; xðt � s1Þ; . . . ; xðt � skÞÞ; t > 0;

0 < s1 6 s2 6 . . . 6 sk; xðtÞ ¼ /ðtÞ; t 2 ½�sk; 0�;
ð3Þ

where x : ½�sk;1� ! Rn;A 2 Rn�n. Here F : Rþ � Rn�k ! Rn nonlinear and continuous vector function.
We shall use j � j; k � k to denote norms in Rn and Rn�n. As usual,

jAxj 6 kAk � jxj:

The following matrix function plays an essential role in this paper.
Let #ðAÞ : Rn�n ! R be a function such that

keAtk 6 e#ðAÞt: ð4Þ

A matrix measure lðAÞ, defined in [9] by

lðAÞ ¼ lim
e!þ0

kI þ eAk � 1
e

; ð5Þ

is an example of such a function. Matrix measures are often used [2,4,7,9] in robust stability analysis to obtain less conser-
vative results than if norms are used.

Remark 1. Clearly, if

kAk ¼max
j

Xn

i¼1

jaijj; ð6Þ

then

lðAÞ ¼max
16j6n

ajj þ
Xk¼n

k¼1;k–j

jakjj
( )

: ð7Þ

If lðAÞ < 0 then matrix A is a Hurwitz matrix [9].
Mori et al. [7] proved that zero solution xðtÞ of linear system (1) is asymptotically stable, provided that �lðAÞ > kBk.

3. Main results

To study stability of system (3) we make two basic assumptions:
Let there exist the nonnegative sequence cið1 6 i 6 kÞ, such that for every ui 2 Rn and t 2 Rþ the inequalities

ðH1Þ jFðt; u1;u2; . . . ;ukÞj 6
Xk

i¼1

cijuij;

ðH2Þ � #ðAÞ >
Xk

i¼1

ci;

hold.

Theorem 3.1. Suppose that conditions ðH1Þ and ðH2Þ are satisfied. Then there are positive constants a and C such that every
solution xðtÞ of the system (3) satisfies the inequality

jxðtÞj 6 Ce�at max
�sk6t60

j/ðtÞj: ð8Þ
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Proof. From Eq. (3) we have

xðtÞ ¼ eAtxð0Þ þ
Z t

0
eAðt�sÞFðt; xðs� s1Þ; . . . ; xðs� skÞÞds:

Thus,

jxðtÞj 6 keAtk � jxð0Þj þ
Z t

0
keAðt�sÞk � jFðxðs� s1Þ; . . . ; xðs� skÞÞjds

and

jxðtÞj 6 keAtk � jxð0Þj þ
Xk

i¼1

ci

Z t

0
keAðt�sÞk � jxðs� siÞjds:

Notation jxðtÞj ¼ vðtÞ yields

vðtÞ 6 e#ðAÞtvð0Þ þ
Xk

i¼1

ci

Z t

0
e#ðAÞðt�sÞvðs� siÞds; ð9Þ

for t > 0 and vðtÞ ¼ j/ðtÞj for t 2 ½�sk;0�.
Consider the scalar integral equation

zðtÞ ¼ e#ðAÞtvð0Þ þ
Xk

i¼1

ci

Z t

0
e#ðAÞðt�sÞzðs� siÞds; ð10Þ

for t > 0 and zðtÞ ¼ j/ðtÞj for t 2 ½�sk;0�.
In order to prove Theorem 3.1 we need Lemma 3.1 as described below.

Lemma 3.1. For the functions defined by (9) and (10) the inequality zðtÞP vðtÞ holds for all t P 0.

Proof. To prove Lemma we shall use the method of steps. Let uðtÞ ¼ zðtÞ � vðtÞ. Based on (9) and (10) clearly for t > 0

uðtÞP
Xk

i¼1

ci

Z t

0
e#ðAÞðt�sÞuðs� siÞds; ð11Þ

and uðtÞ ¼ 0 for t 2 ½�sk;0�.
For t 2 ½0; s1� the integral in the right hand side of (11) is equal to zero, thus uðtÞP 0. The latter proves that the integral in

(11) is nonnegative for t 2 ½s1;2s1�: The process may be continued to prove Lemma 3.1. Eq. (10) is equivalent to the scalar
differential equation below

dz
dt
¼ #ðAÞzðtÞ þ

Xk

i¼1

cizðt � siÞ; t > 0;

zðtÞ ¼ j/ðtÞj for t 2 ½�sk; 0�: �
ð12Þ

We need the following results.

Lemma 3.2. [1]. If ci 2 R ð1 6 i 6 kÞ, and a function #ðAÞ satisfies ðH2Þ, then there are positive constants a and C such that every
solution zðtÞ of scalar Eq. (12) satisfies the inequality

jzðtÞj 6 Ce�at max
�sk6t60

j/ðtÞj:

Finally, by virtue of Lemmas 3.1, 3.2 we get

jxðtÞj ¼ vðtÞ 6 zðtÞ 6 Ce�at max
�sk6t60

j/ðtÞj:

The proof of Theorem 3.1 is complete. h

Corollary 3.1. Let u0 be an equilibrium of the Hopfield model

du
dt
¼ AuðtÞ þ Bgðuðt � sÞÞ þ J; ð13Þ

where A and B are constant matrices and J is a constant vector.
Assume the following:
ðTÞ Function g is globally Lipschitz with Lipschitz constant L.
If �#ðAÞ > LkBk then u0 is a unique global attractor for system (13).
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Proof. Let x ¼ u� u0 then

dx
dt
¼ AxðtÞ þ Fðxðt � sÞÞ;

where FðxÞ ¼ B½gðxþ u0Þ � gðu0Þ�. Condition ðTÞ yields

jFðxÞj 6 kBk � jgðxþ u0Þ � gðu0Þj 6 LjxjkBk:

Therefore all conditions of Theorem 3.1 are satisfied and limt!1xðtÞ ¼ 0. h

Remark 2. Two of the conditions of Theorems 2.1–2.4 in [8] are relaxed by Corollary 3.1, i.e. matrix A be diagonal and func-
tion g be bounded.

4. Global stability of a new marine protected area model

To illustrate biological applications of Theorem 3.1, we consider two habitat areas, with a fish population dispersing
between the two areas, whilst fishing takes place only in region 2, with region 1 established as a no-fishing zone. To describe
the ecological linkage between the reserve and fishing ground we propose the following nonautonomous nonlinear system
of DDE’s

dx1

dt
¼ �½m1 þ D1�x1ðtÞ þ D2x2ðtÞ þ c1x1ðt � sÞ expð�a1x1ðt � sÞÞ;

dx2

dt
¼ �½m2 þ D2 þ E�x2ðtÞ þ D1x1ðtÞ þ c2x2ðt � sÞ expð�a2x2ðt � sÞÞ:

ð14Þ

Here, mi > 0 – natural mortality death rates, Di > 0 – dispersal rates, E > 0 – harvesting rate; s P 0 – maturation time, i.e.,
the time to develop from newborns to reproductively active adults, ai and ci are nonnegative constants. The initial conditions
are given by

xiðtÞ ¼ uiðtÞ; t 2 ½�s; 0�; ði ¼ 1;2Þ; ð15Þ

where due to the obvious ecological reason,

uiðtÞP 0; for t 2 ½�s; 0�: ð16Þ

We will use a vector form of system (14)

dx
dt
¼ Axþ f ðxðt � sÞÞ; ð17Þ

where

A ¼
�ðm1 þ D1Þ D2

D1 �ðm2 þ D2 þ EÞ

� �
; xðtÞ ¼

x1ðtÞ
x2ðtÞ

� �
; f ðxðt � sÞÞ ¼

f1

f2

� �

with

fi ¼ cixiðt � sÞ expð�aixiðt � sÞÞ; ði ¼ 1;2Þ:

Theorem 4.1. If

minðm1;m2 þ EÞ > maxðc1; c2Þ; ð18Þ

then zero solution of the system (14) is globally asymptotically stable.

Proof. Firstly, note that from standard differential equation theory [1], system (14) has solution x1ðtÞ > 0; x2ðtÞ > 0 for t > 0,
provided that x1ð0Þ > 0; x2ð0Þ > 0 and

x1ðtÞ ¼ u1ðtÞP 0; x2ðtÞ ¼ u2ðtÞP 0; ð19Þ

for t 2 ½�s;0�.
Define the matrix norm by (6). Then for small e > 0 we have

kI þ eAk ¼
1� eðm1 þ D1Þ eD2

eD1 1� eðm2 þ D2 þ EÞ

����
���� ¼maxf1� em1;1� eðm2 þ EÞg ¼ 1� e minfm1;m2 þ Eg: ð20Þ
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Therefore,

lðAÞ ¼ �minfm1;m2 þ Eg:

To prove global attractivity of the solution of Eq. (14), it is suffices that condition ðH1Þ of Theorem 3.1 holds for any vector

u ¼ u1

u2

� �
with nonnegative coordinates. Therefore,

jf ðuÞj ¼ diagfc1; c2g �
u1e�a1u1

u2e�a2u2

� �����
���� 6 kdiagfc1; c2gk � juj ¼maxfc1; c2gjuj: ð21Þ

Thus by Theorem 3.1 a zero solution of system (14) is asymptotically globally stable. h

We would like to point out that assumption (18) is biologically motivated: to avoid population extinction under the
excessive harvesting, the minimum ‘‘loss” in every region should be less than the maximum ‘‘gain” in the region.

5. Discussion

The important feature of the present paper is extension of the technique developed for linear delay systems to the
nonlinear nonautonomous systems with multiple delays. The still widely used method is the approach of Lyapunov-like
functionals. Not by using any Lyapunov stability theorems, we established the sufficient conditions for the stability of the
system.

To illustrate practicality of the stability test obtained, we studied two different applications: the Hopfield network model
and the marine protected areas model.

Discussions for global asymptotic stability of the Hopfield network models allow a nonlinear term g in (13) to be
unbounded and a constant matrix A not to be diagonal which are then more general than those of [8]; e.g., our results should
be applicable to the networks models that are not necessarily symmetric. A similar methodology can be carried out to the
networked control systems with time delays and nonlinear perturbation.

Via the system of nonlinear nonautonomous differential equations with delay, we introduced a new model for marine
protected areas. For this fishery model we obtained sufficient conditions for a fish population extinction, the latter, from
the point of view of fishery managers, is necessary for planning harvesting strategies and sustaining the fishing grounds.

Our study shows that an interesting but challenging problem associated with system (3) is the local and global stability of
the nontrivial solutions of system (3). Another interesting modification of system (3) would be the incorporation of the time-
varying and/or delay-dependent matrix A in the system. We leave these to future investigation.
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